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Effect of external noise correlation in optical coherence resonance
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Coherence resonance occurring in semiconductor lasers with optical feedback is studied via the Lang-
Kobayashi model with external nonwhite noise in the pumping current. The temporal correlation and the
amplitude of the noise have a highly relevant influence in the system, leading to an optimal coherent response
for suitable values of both the noise amplitude and correlation time. This phenomenon is quantitatively char-
acterized by means of several statistical measures.
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Despite the fact that random fluctuations usually consti{~GHz). This is the situation in the experiment reported in
tute a source of disorder in dynamical systems, many ext15]. Following this reasoning, we have consideretnae-
amples exist in which they lead instead to an increase oforrelatedexternal noise and found that coherence is maxi-
order in the system behavior. Among these exampts, Mmal not only for an optimal noise amplitude, but also for an
chastic resonancetands out for its implications in many optimal noise-correlation time. In what follows, such a
different areas of sciendd]. In the conventional situation, double coherence resonance is described in detail and char-
stochastic resonance consists of an optimization due to noig¥cterized by suitable statistical measures.
of the response of a nonlinear system to a weak periodic The LK model describes the temporal evolution of the
driving [2]. But even in the absence of external periodicSlowly varying complex envelope of the electric fief{t)
forcing, noise can be helpful in sustaining a coherent oscilinside the laser and the excess carrier nunbe), consid-
latory response in the system, provided the operation point i€fing only one longitudinal mode of the solitary laser and
close to a limit cycld 3] or within an excitable regimg4]. one single reflection from the external feedback mifia.,

This phenomenon has been calledherence resonance multlple reflections are neglected, which is valid for not too
(CR), and has been recently found also in bistaikand large reflectivities In dimensionless form, the model reads
chaotic[6] systems. [9,16]

One of the earliest and most influential experimental ob- )
servations of stochastic resonance was made in a laser sys- d_E: 1tia
tem [7]. Similarly, optical systems have also provided in dt 2
recent years clear-cut examples of excitable behavior, includ-
ing semiconductor lasers subject to optical feedbeg;R], +V2BNL(),
lasers with saturable absorljd0,11], passive nonlinear ring dN
cavities[12], and lasers with injected signgl3]. Following b _ _ 2
these studies, optical CR was predicted theoretically in the  dt Vel CLL+E(1) N =N}~ G(EN)[E(D)]*,
self-pulsing lasef14]. The first experimental observation of
optical CR has been recently made in a semiconductor lasgyhere y and y, are the inverse lifetimes of photons and
with optical feedback15]. In that case, noise is added to the carriers, respectivelyC is the pumping ratedirectly related
driving current of the laser and gives rise to a pulsed behavto the driving currentC=1 is the solitary-laser threshold
ior in the system, in the form of sudden dropouts in theis the linewidth enhancement factor, aadis the solitary-
evolution of the light intensity. The regularity of the dropout laser frequency. The last term in the electric-field equation
series initially increases with increasing fluctuations andepresents spontaneous emission fluctuations g(tthbeing
peaks for an optimal amount of noise. The present paper i8 Gaussian white noise of zero mean and unity intensity, and
devoted to the theoretical modeling of this situation, making3 measuring the internal noise strength. The material-gain
use of a rate equation system including a delay term, i.e., théénction G(E,N) is given by
well-known Lang-KobayasHiLK) model[16] generalized to
take into account the insertion of external noise into the sys- G(E,N)= g(N(t) —No) %)
tem through the laser’'s pumping current. : 1+s|E(1)]?

Our results show that a white-noise assumption is not ad-
equate to account for the observed resonant behavior. In fasthereg is the differential gain coefficient arglis the satu-
such a supposition is not realistic due to the fast time scalegtion coefficient. The threshold carrier numbeiNig= /g
in which this system evolves-tens of picosecondssmaller  +Ng. The optical feedback is described by two parameters:
than or of the order of the characteristic time scales of théhe feedback strengtk and the external round-trip tims .
fastest fluctuations that can be experimentally introducedftinally, the external noise is represented by the té(),
which are restricted by limitations of the electronics involvedwhich according to the discussion made above, is taken to be

[G(E,N)— y]E(t)+ ke "TE(t—77)
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FIG. 1. Time evolution exhibiting dropouts of the intenditgnd
the corresponding pulses in the phase differepc@arameters of FIG. 2. Temporal behavior of the phase differenger increas-
the LK model areC=1.03, yo=6x10 4ps’, y=0.158ps’, g  ing noise amplitude(a) o=7.36x10?, (b) 0=9.35<10 %, and
=2.79x10 %ps, s=3x1077, a=3.5 Ng=1.51x10°, B=5 () 0=1.60<10"1. In all cases we have kept the correlation time

X 10 Pps!, k=0.025ps?, rr=2.4ns,wr;=2, andD=0. Eonst%nt,rc=24 ps. Other parameters are those of Fig. 1, except
=1.01.
a time-correlated noise of the Ornstein-Uhlenbeck type,
Gaussianly distributed with zero mean and correlation derstood in the framework of the LK modéle., under the
assumption of single-mode operation of the lasérhis
, _E —(t—t")I7, model exhibits multiple coexisting fixed points, which ap-
(E(D&t"))=—e ¢ 3 L : .
Te pear in pairs of solutions called modes and antimodes. The

antimodes are saddle points, and most of the modes are also
This external noise is characterized by two parameters, itgnstable due to a Hopf bifurcatidi8]. However, at least
intensity D and its correlation timer.. The variance of the one of the modegthe one with maximum powgis stable.
noise is given byD/ ¢, and hence we will measure its am- |n this complex phase-space landscape, a large enough fluc-
plitude aso= D/ 7. tuation may be able to take the system away from the basin

The LK model with no external noise has been profuselyof attraction of the stable fixed point and, upon collision with

used in the past to model the dynamics of semiconductos neighboring antimode, produce a sudden increase in the
lasers subject to optical feedback. In particular, it satisfactophase differencdsee Fig. 1b)], which corresponds to a
rily describes the appearance of dropouts when the system ﬁﬁ)wer dropout. The corresponding escape time, also called

perturbed with electrical pulses over a threshold value, Wiﬂhctivation timet,, is a random variable whose average de-
. . a?
the feature that the shape of the generaitegerted pulses is creases with the intensity of the external noise according to

basically independent of the perturbati®]. This behavior, Kramers’s law[19]. Following the dropout, a buildup pro-

which is characteristic of excitable systems and appears '\ oains in which the svstem underaoes a chaotic itiner-
when the laser is operated close to the solitary laser thresh- 9 d the Hoof 3{( bl q goe .
old, agrees with experimental observatidig§. For larger ~2NcY around the rHopl-unstable modes, jumping consecu-

pumping ratesbut still close to the laser thresholthe in- tively from one to the next while being drifted back towards

tensity dropouts appear spontaneously, i.e., no external exd® Stable maximum-gain mogi0]. For small intensities of
tation is needed to produce them. Figure 1 displays an exhe external noise, the excursion ting required by this
ample of this behavior, in terms of the evolution of both theProcess is basically independent of noise, and has the role of
intensity I(t) and phase difference between consecutive? refractory time during which no dropouts can be induced.
round trips, 7(t) = #(t) — p(t—7;) with E(t)= I exp(¢). As hoise intensity increases the escape events become more
The occurrence of pulses in the form of power dropouts iﬁ‘requent, reducing the standard deviation of the interspike
the intensity time series can be clearly identified, and theyntervals accordingly. A minimum of variability occurs for
are seen to correspond with well-defined pulses in theén optimal amount of noise when the dropout separation is of
electric-field phase difference. the order oft,. Beyond that point, noise intensity is large

It should be noted that the intensity time trace shown inenough to produce escapes before the buildup process is fin-
Fig. 1(a) has been filtered to 100 MHz in order to mimic the ished(i.e., before the stable mode is reachevhich leads to
bandwidth effect of typical photodetectors. For large enougtan irregular series of pulses. This sequence of events is de-
filtering bandwidth(or for no filtering at al), the correspond- picted in Fig. 2, which shows three time traces of the phase
ing evolution takes the form of ultrashort intensity pulsesdifference 7(t) for increasing amplitudes of the external
(with durations of the order of tens of picosecon{i&7], noise, keeping its correlation time constant. In this case, the
whose envelope exhibits the low-frequency dropouts showsemiconductor laser is biased at 1% above the solitary-laser
in Fig. 1(a). threshold, a situation for which the system is stable in the

Since the internal spontaneous-emission né{$g cannot  absence of external noise. A small amount of noise produces
be experimentally controlled, we now turn our attention toinfrequent dropout$Fig. 2(@)], which become more numer-
the effect of the external noisé(t) on the system. This ous and regular as the noise amplitude increfSigs 2(b)].
effect can be understood by examining the mechanism bd-or large noise strengths the pulses become increasingly ir-
hind the above-mentioned power dropouts, which is well untegular, both in separation and in amplitufieig. 2(c)].
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external noise amplitude. The time correlation of the noise is fixed
to 7.=24 ps. Other parameters are those of Fig. 2. FIG. 4. Temporal behavior of the phase differencir increas-

ing noise-correlation timeg@) 7.=15.8 ps,(b) 7.=57.6 ps, andc)
Hence, an optimal amplitude of the external noise exists fofc=153.2ps. In all cases we have kept the noise amplitude con-
which the coherence of the pulsed output of the laser is opstant.o=0.079. Other parameters are those of Fig. 2.
timal.

In order to quantitatively characterize this effect, we com- We note that all results presented so far have been com-
pute the standard deviatioi, and R, of the normalized ~Puted for a fixed correlation time of the noisg,= 24 ps, on.
dropout separatiof=T/(T) and normalized dropout ampli- the order of the fa_st time scglg qf the deterministic dynamics.
tude u=A/(A), respectively{15], whereT is the time inter- N fact, as the white-noise limit is approached the amount of
val between two consecutive dropouts aAds the peak NOise necessary to obtain similar effects climbs up to unrea-
value of the phase differencg(t) at a dropout, measured Sonably high values. The reason is that the carrier dynamics
with respect to its minimum value between dropouts. ThelCts as a frequency filter for the external ndisee equation
statistical averages are performed over both time and differfor N(t) in Egs. (1)], which also prevents the system from
ent realizations of the noise. Numerically, to detect a dropoufeSponding to high-frequency modulations of the pump cur-
we study the behavior of the phase differeng¢), since its ~ rent. Therefore, most of the power of a white noise has no
variation is smoother than that of the intensity and easier t&ffect upon the system dynamics, and the noise intensity
characterize. A dropout occurrence is recorded when thB€€ds to be very large in order to have a noticeable influence
phase difference suddenly increases by a fixed large amouft Similar effect has been observed in periodic-modulation
(e.g., 127 in our casg[9]. studies[22]). In the opposite frequency limit a similar situa-

We have computed the standard deviatiByzandR,, for tion occurs: for low-frequency forcing, the carrier dynamics
increasing noise amplitude, averaging up to 20 000 dropoutd@s enough time to follow the modulation and the system
in each measure. The result is plotted in Fig)3and con- 'esponds simply with a modulated output. Only for interme-

firms the qualitative conclusions that have been drawn abovéiate frequencies will the external forcing be able to influ-
from Fig. 2, at least as far as the variability of the pulse®nce the dropout statistics and enhance the coherent response

separation,R,, is concerned. This quantity is a non- of the system. In order to verify this conjecture, we now fix
monotonic function of the noise amplitude, being minimalthe amplitudes= D/, of the external noise and analyze
for an optimal amount of noise. The irregularity of the drop- the behavior pf the system for_ an increasing correlation time
out amplitudes, on the other hand, increases monotonicall§f the Ornstein-Uhlenbeck noise defined by E3). The re-
with noise. This result coincides with experimental observaSult is shown in Fig. 4 for three different values®f. Itcan
tions[15] and reflects the fact that the frequency with whichbe seen that the regularity of the pulsed time series is maxi-
noise breaks up the buildup process increases steadily witial for intermediate values of the noise correlation time.
the amount of noise added.

In order to take into account both the dropout separation '

4

and amplitude simultaneously in the determination of the os @ s ®
signal’s regularity, it is useful to define a joint entropy .
H(6,u) of the two quantities, wherel= — 3P In P, with P R T 2

ICD

the joint probability density of the two random variables %4
[21]. For the case of two Gaussian independent random vari- o2 M !
ables the following relation holds[15]: exdH(6,w)]

0 5 0

=2meR,R, . We will assume that this result is approximately G 05" e (ps)‘°2
valid in our case and compute the joint entropy accordingly. P ¢
The result is given in Fig. ®), which shows again a maxi- FIG. 5. Statistical characterization of the noise-correlation co-

mum regularity of the dropout series for an optimal noiseherence resonancé) Standard deviationg, (full circles) andR,,
amplitude, this time taking into account both the pulse sepatempty squaras and(b) joint entropyH (6, ) as a function of the
ration and amplitude. In fact, the minimum is in this casenoise-correlation time. The noise amplitude is fixedote 0.079.

more clearly defined. Other parameters are those of Fig. 4.
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We quantify again the qualitative observation made in thdform of intensity dropouts, exhibits a maximal coherence
previous paragraph by computing the standard deviaiyns for optimal values ofboth the amplitude and correlation
andR,, and the joint entropyH(6,u) of the normalized time of the external noise. These results agree satisfactorily
dropout separation and amplitude. The results, shown in Figwith previous experimental observations. Other recent inves-
5, exhibit the same behavior as in the case of an increasinggations have analyzed the influence of correlated noise in
noise amplitude. Coherence of the pulsed behavior is in thlﬁnode| systems exh|b|t|ng coherence resondfﬂ;& but in
case maximal for a correlation time of the noisg;-30ps.  those cases the corresponding deterministic system lacked
This behavior can be interpreted as a resonance with the fagt natural second time scal@lifferent from the optimal
deterministic dynamics of the system. A similar resonancgyjse separation which could account for the resonance
has been recently observed experimentally in a chemical €Xgith respect to the noise-correlation time. In the present

citable mediun{23]. _ case, however, such a time scale does exist naturally in the
In conclusion, we have shown the existence of doublesystem,

coherence resonance in an excitable optical sysesemi-

conductor laser with optical feedbadttriven by an external We acknowledge financial support from MCyBpain
correlated noise. The assumption of a nondelta temporal counder Projects Nos. BFM2000-1108 and BFM2000-0624,
relation of the noise is fully meaningful, given the fast char-and from DGESSpair) under Projects Nos. PB98-0935 and
acteristic time scale of the deterministic dynamics of thePB97-0141. Computing resources from CEPBA are also ac-
system. The pulsed response of the laser, which takes thanowledged.
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